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HEAT KERNEL ESTIMATES FOR THE GRUIN OPERATOR
MARTIN PAULAT
Abstrat. We study the geometry assoiated to the Gru²in operator
G = ∆x + |x|
2 ∂2u on R
n
x × Ru,
to obtain heat kernel estimates for this operator. The main work is to nd
the shortest geodesis onneting two given points in Rn+1. This gives the
Carnot-Carathéodory distane dCC , assoiated to this operator. The main
result in the seond part is to give Gaussian bounds for the heat kernel Kt
in terms of the Carnot-Carathéodory distane. In partiular we obtain the
following estimate
|kt(ζ, η)| ≤ C t
−
n
2
−1 min
„
1 +
dCC(ζ, η)
|x+ ξ|
, 1 +
dCC (ζ, η)
2
4t
«α
e−
1
4t
dCC (ζ,η)
2
for all ζ = (x, u1), η = (ξ, u) ∈ Rn+1, where α = max
˘
n
2
− 1, 0
¯
. Here the
homogeneous dimension is q = n+2, so that n
2
−1 = q−4
2
. This shows that our
result for n ≥ 2 orresponds with the result on the Heisenberg group, whih
was given by Beals, Gaveau, Greiner in [1℄.
Aknowledgement. I would like to express my gratitude to my advisor Professor
Dr. Detlef Müller for onstant support and numberless helpful suggestions.
1. Introdution
The purpose of this artile is to study the geometri properties of the Gru²in
operator
G = ∆x + |x|2∂2u on Rnx × Ru
to give estimates for the heat kernel of this operator. One may write G as
G =
n∑
j=1
(
X2j + U
2
j
)
,
with the smooth vetor elds
Xj := ∂xj , Uj := xj∂u, j = 1, . . . , n.
Note that G is hypoellipti, sine G satises the Hörmander ondition. We are
interested in the Carnot-Carathéodory distane assoiated to these vetor elds,
i.e. the length of a minimizing horizontal urve. A horizontal urve is a urve,
whose tangents are a linear ombination of the vetor elds Xj , Uj , j = 1, . . . , n.
Depending on the start and end point of the urve, there are a dierent number of
loally minimizing urves, i.e. geodesis. In addition to the results of Calin, Chang,
Greiner and Kannai in [3℄, we an ompare their lengths to give expliit formulas
for the Carnot-Carathéodory distane. The geodesis starting in 0 ∈ Rn+1 are very
similar to those on the Heisenberg group (see [1℄). But omparing the lengths of
geodesis starting in a generi point (x, 0) ∈ Rn×R gets more ompliated. Another
dierene ours when studying urves onneting (x, 0) and (±x, u), where on gets
two dierent types of geodesis (see Theorem (2.4) and (2.5)).
Date: 07/30/07.
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These results on the Carnot-Carathéodory distane allow us to give some point-
wise estimates of the heat kernels.
Due to the fat that the partial Fourier transform of G in u leads to the resaled
Hermite operators, it is easy to alulate the heat kernel using Mehler's formula,
up to the partial Fourier transform. One may also observe that G is translation
invariant in the u-variable. This allows us to write the heat kernel in the form
Kt(x, ξ, u), x, ξ ∈ Rn, u ∈ R. So the solution to the heat equation{
(∂t −G)u = 0
u(0, ·) = f
is given by
u(t, x) =
∫
Rn
∫
R
Kt(x, ξ, u− λ)f(ξ, λ)dλdξ.
We are able to give global estimates for the kernel of the form
|Kt(x, ξ, u)| ≤ F (x, ξ, u, t)e− 14tdCC((x,0),(ξ,u))
2
,
where F is a funtion with polynomial growth. It turns out that
F (x, ξ, u, t) ≤ C t−n2−1 min
(
1 +
dCC(ζ, η)
|x+ ξ| , 1 +
dCC(ζ, η)
2
4t
)α
,
with α = max
{
n
2 − 1, 0
}
and C > 0 is a onstant independent of x, ξ, u, t. In
partiular our main result is the following
Theorem. For ζ = (x, 0), η = (ξ, u) ∈ Rn+1 we have
(1.1) |Kt(x, ξ, u)| . t−n2−1 min
(
1 +
dCC(ζ, η)
|x+ ξ| , 1 +
dCC(ζ, η)
2
4t
)α
e−
1
4t dCC(ζ,η)
2
,
with α = max
(
n
2 − 1, 0
)
.
For a better understanding of the exponent α, onsider the dilation
δr(x, u) := (rx, r
2u), x ∈ Rn, u ∈ R,
for r > 0. Then G is homogeneous with degree 2, and also the Carnot-Carathéodory
distane is homogeneous with degree 2, i.e.
dCC (δr(ζ), δr(η)) = r
2dCC(ζ, η), ζ, η ∈ Rn+1.
In this setting the homogeneous dimension is q = n+2, and n2 −1 = q−42 , n2 +1 = q2 .
This shows now that our result exatly oinides, in the ase n ≥ 2, with those on
the Heisenberg group obtained by Beals, Gaveau, Greiner in [1℄.
There are some Gaussian-type estimates for heat kernels with greater generality.
Sikora, for example, shows in [8℄
|Kt(x, ξ, u)| . t−
q
2
(
1 +
dCC(ζ, η)
4t
) q−1
2
e−
dCC (ζ,η)
2
4t .
The methods that are used are ompletely dierent. The expliit formulas in our
situation allow us to give a smaller exponent of the polynomial fator, i.e.
q−4
2
instead of
q−1
2 .
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2. The sub-Riemannian geometry assoiated to the Gru²in operator
Let M be a onneted C∞-Manifold with smooth real vetor elds X1, . . . , Xm.
For x ∈M and v ∈ TxM dene:
(2.1) ‖v‖2x := inf


m∑
j=1
α2j : v =
m∑
j=1
αjXj(x)

 ,
where we use the onvention, that inf ∅ := ∞, i.e. if v is not in the linear span
of X1, . . . , Xm, then we set ‖v‖2x := ∞. A horizontal urve γ : [0, 1] → M is
an absolutely ontinuous urve suh that γ˙(t) ∈ span {X1(γ(t)), . . . , Xm(γ(t))} for
almost every t ∈ [0, 1]. We dene the length of a horizontal urve by
(2.2) L(γ) :=
1∫
0
‖γ˙(t)‖γ(t) dt.
Then the Carnot-Carathéodory distane of two points p, q ∈ M assoiated to
X1, . . . Xm is dened by
(2.3) dCC(p, q) := inf L(γ),
where the inmum is taken over all horizontal urves γ onneting p and q, i.e.
γ(0) = p, γ(1) = q.
It is well known by Chow's theorem (see [4℄) that, if X1, . . . , Xm and their brak-
ets span the tangent spae TxM at every point x of M , then any two points an be
joined by suh a urve, so that dCC(p, q) <∞, for any p, q ∈M .
Now let M = Rn+1 and
Xj = ∂xj , Uj = xj∂u, j = 1, . . . , n.
Then the Gru²in operator G = ∆x + |x|2 ∂2u reads in terms of these vetor elds
G =
n∑
j=1
(
X2j + U
2
j
)
.
The vetor elds X1, . . . , Xn, U1, . . . , Un span the tangent spae everywhere exept
along the line |x| = 0. But, sine [Xj, Uj ] = ∂u, j = 1, . . . , n, all onditions are
fullled to onnet any two points by an absolutely ontinuous urve with nite
length. If γ : [0, 1]→ Rn+1 is an absolutely ontinuous urve, one has
γ˙ = γ˙n+1∂u +
n∑
j=1
γ˙j∂xj
= γ˙n+1∂u +
n∑
j=1
γ˙jXj
almost everywhere. Sine the vetor elds Uj , j = 1, . . . , n are not linear indepen-
dent, we may write γ˙n+1∂u as a linear ombination of U1, . . . , Un in dierent ways.
So
‖γ˙(t)‖2γ(t) =
n∑
j=1
γ˙j(t)
2 + inf


n∑
j=1
α2j : γ˙n+1(t) =
n∑
j=1
αjγj(t)

 .
To minimize this onvex funtional, one an use the method of Langrange multiplier,
whih gives
‖γ˙(t)‖2γ(t) =
γ˙n+1(t)
2∑n
j=1 γj(t)
2
+
n∑
j=1
γ˙j(t)
2.
HEAT KERNEL ESTIMATES FOR THE GRUIN OPERATOR 4
Now let γ = (γ(1), γ(2)), with γ(1) = (γ1, . . . , γn), γ(2) = γn+1, then
‖γ˙(t)‖2γ(t) =
γ˙(2)(t)
2∣∣γ(1)(t)∣∣2 +
∣∣γ˙(1)(t)∣∣2 .
To alulate the Carnot-Carathéodory distane, one an minimize the energy
integral
(2.4)
1∫
0
‖γ˙(t)‖2γ(t) dt =
1∫
0
(
γ˙(2)(t)
2∣∣γ(1)(t)∣∣2 +
∣∣γ˙(1)(t)∣∣2
)
dt.
This leads to the Euler-Lagrange equations, whih gives us loal minimizing urves,
i.e. geodesis:
γ¨(1) +
γ˙2(2)∣∣γ(1)∣∣4 γ(1) = 0(2.5a)
d
dt
γ˙(2)∣∣γ(1)∣∣2 = 0.(2.5b)
Solving these equations yields the following result (see [6, 3, 7℄).
All geodesis γ starting in (x1, u1) ∈ Rn × R are given by γb,c =
(
γb,c(1), γ
b,c
(2)
)
:
[0, 1]→ Rn × R, where
γb,c(1)(t) =
c
b
sin(bt) + x1 cos(bt)(2.6a)
γb,c(2)(t) =
|c|2
b
(
t
2
− sin(2bt)
4b
)
+
x1 · c
b
sin2(bt)(2.6b)
+ |x1|2 b
(
t
2
+
sin(2bt)
4b
)
+ u1
with parameters b ∈ R, b 6= 0, c ∈ Rn, and
(2.7) γ0,c(t) = (ct+ x1, u1)
whih is the limiting ase b→ 0.
The length is given by
(2.8) L(γb,c) =
√
|c|2 + |x1|2 b2.
To alulate the Carnot-Carathéodory distane, we are interested in the shortest
geodesi joining two given points (x1, u1), (x, u) ∈ Rn × R.
In our further analysis we will assume that u1 = 0, sine γ is a geodesi on-
neting (x1, 0), (x, u), if and only if γ + (0, u1) is a geodesi onneting (x1, u1),
(x1, u+ u1); with the same length.
We will also assume that u ≥ 0, sine γb,c(1) = γ−b,c(1) and γb,c(2) = −γ−b,c(2) .
Furthermore observe, that given b ∈ R \ πZ∗ the parameter c ∈ Rn is uniquely
determined by c = bsin b (x− x1 cos b), due to the boundary onditions. We will
denote this geodesi by γb for short.
Given b ∈ πZ∗ (note that this means x = ±x1), the parameter c ∈ Rn is
determined by the whole sphere |c| =
√
2bu− |x1|2 b2. But any c ∈ Rn with
|c| =
√
2bu− |x1|2 b2 will give the same length.
Theorem 2.1. Given (x1, 0), (x, 0) ∈ Rn × R, the only geodesi onneting them
is given by
(2.9) γ0(t) = (x1 + t (x− x1) , 0)
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and its length, whih is equal to the Carnot-Carathéodory distane, is
(2.10) L(γ0) = dCC ((x1, 0) , (x, 0)) = |x− x1|.
Proof. We have to prove that b = 0 is the only parameter that allows onneting
(x1, 0) and (x, 0). But from the Euler-Lagrange equation, we know that γ˙(2) =
b
∣∣γ(1)∣∣2 . That means γ˙(2)(t) ≥ 0 or γ˙(2)(t) ≤ 0 for all t ≥ 0. But sine we want
γ(2)(0) = 0 and γ(2)(1) = 0, we onlude that γ˙(2) = 0, so that b = 0, hene
c = x− x1. 
Theorem 2.2. Given u > 0, there are innitely many geodesis γmpi,cm , m ∈ N,
onneting (0, 0) ∈ Rn × R and (0, u) ∈ Rn × R given by (2.6) with cm ∈ Rn,
|cm| =
√
2mπu. Their lengths are
(2.11) L(γmpi,cm) =
√
2mπu.
In partiular the shortest geodesis in this ase, whih give the Carnot-Carathéodory
distane, are γpi,c1, |c1| =
√
2πu; so
(2.12) dCC ((0, 0), (0, u)) =
√
2πu.
Proof. The boundary onditions γb,c(1)(1) = 0 and γ
b,c
(2)(1) = u are equivalent to
0 =
c
b
sin b and u =
|c|2
2b
(
1− sin(2b)
2b
)
.
Sine u 6= 0, we have c 6= 0. But then there exists m ∈ N with b = mπ, so that
|c|2 = 2mπu. This gives the laim. 
b
b
b = 1pi
b
b
b = 2pi
b
b
b = 3pi
b
b
b = 4pi
b
b
b = 10pi
Figure 1. Geodesis starting at (0, 0) and ending in (0, u) with
dierent parameters.
Now we onsider the ase where we want to onnet (x1, 0) and (x, u) with
x 6= ±x1, u > 0. The rst lemma is just a rewritten formulation of the boundary
onditions γb,c(0) = (x1, 0) and γ
b,c(1) = (x, u).
Lemma 2.1. Suppose (x1, 0), (x, u) ∈ Rn × R, x 6= ±x1, u > 0. Then γb,c given
by (2.6) is a geodesi onneting these two points, i
c =
b
sin b
x− x1b cot b
and b is any solution of
(2.13)
2u
|x1|2 + |x|2
=
b
sin2 b
− cot b+ 2x · x1|x1|2 + |x|2
1− b cot b
sin b
.
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The square of the length of γb = γb,c is then given by
L2(γb,c) =
b2
sin2 b
(
|x1|2 + |x|2 − 2x · x1 cos b
)
(2.14a)
= 2bu+
(
|x1|2 + |x|2
)
b cot b− 2x · x1 b
sin b
.(2.14b)
Proof. To nd those geodesis onneting two points (x1, 0) and (x, u), we have to
nd b 6= 0 and c ∈ Rn, suh that γb,c(1)(1) = x and γb,c(2)(1) = u. Sine b ∈ πZ means
x = ±x1, we have that b 6∈ πZ. Now γb,c(2)(1) = u gives:
2u =
|c|2
b
(
1− sin(2b)
2b
)
+ 2
x1 · c
b
sin2(b) + |x1|2 b
(
1 +
sin(2b)
2b
)
=
1
b
(
|c|2 + |x1|2 b2
)
− sin(2b)
2b2
(
|c|2 − |x1|2 b2
)
+ 2
x1 · c
b
sin2 b(2.15)
And γb,c(1)(1) = x gives
(2.16)
b
sin b
x = c+ x1b cot b,
so that
b2
sin2 b
|x|2 = |c|2 + 2c · x1b cot b+ |x1|2 b2 cot2 b
= |c|2 + 2c · x1b cot b− |x1|2 b2 + |x1|
2
b2
sin2 b
(2.17)
and
|c|2 = b
2
sin2 b
|x|2 − 2x1 · xb
2 cot b
sin b
+ |x1|2 b2 cot2 b
=
b2
sin2 b
(
|x|2 + |x1|2
)
− 2x1 · xb
2 cot b
sin b
− |x1|2 b2
=
b2
sin2 b
(
|x|2 + |x1|2 − 2x · x1 cos b
)
− |x1|2 b2.(2.18)
We an ontinue with (2.15) by using equation (2.17)
2u =
1
b
(
|c|2 + |x1|2 b2
)
− cot b
(
|x|2 − |x1|2
)
+ 2
c · x1
b
cos2 b+ 2
c · x1
b
sin2 b
=
1
b
(
|c|2 + |x1|2 b2
)
− cot b
(
|x|2 − |x1|2
)
+ 2
c · x1
b
=
1
b
(
|c|2 + |x1|2 b2
)
− cot b
(
|x|2 + |x1|2
)
+ 2
c · x1 + |x1|2 b cot b
b
.
Now use equation (2.16) and (2.18)
2u =
1
b
(
|c|2 + |x1|2 b2
)
− cot b
(
|x|2 + |x1|2
)
+ 2
x · x1
sin b
=
(
b
sin2 b
− cot b
)(
|x|2 + |x1|2
)
+ 2x · x1 1− b cot b
sin b
.
And the square of the length is given by
L2(γb,c) =
b2
sin2 b
(
|x|2 + |x1|2 − 2x · x1 cos b
)
= 2bu+ b cot b
(
|x|2 + |x1|2
)
− 2 b
sin b
x · x1.

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Denition. For b ∈ R \ πZ∗, −1 ≤ a ≤ 1 dene:
µ(b) := µ(b, a) :=
b
sin2 b
− cot b+ a1− b cot b
sin b
(2.19)
l(b) := l(b, a) :=
b2
sin2 b
(1− a cos b) .(2.20)
In the following we will often use the abbreviation
R =
√
|x|2 + |x1|2 and a = 2x1 · x|x1|2 + |x|2
.
Next we will study the funtions µ and µ˜, µˆ, whih will be introdued in the
next lemma. (Note that µˆ in this setion does not mean Fourier transform!)
Lemma 2.2. For b ∈ R \ πZ∗, 0 ≤ a ≤ 1, µ is a onvex ombination, i.e.
(2.21) µ(b) = (1− a)µ˜+ aµˆ
(
b
2
)
,
and for −1 ≤ a < 0:
(2.22) µ(b) = (1 + a)µ˜(b)− aµ˜
(
b
2
)
,
where
µ˜(b) :=
b
sin2 b
− cot b, b ∈ R \ πZ∗,(2.23)
µˆ(b) :=
b
cos2 b
+ tan b, b ∈ R \
{(
k +
1
2
)
π : k ∈ Z
}
.(2.24)
Proof. For b ∈ R \ πZ∗ :
µ(b) = (1− a)µ˜(b) + a1− b cot b+
b
sin b − cos b
sin b
= (1− a)µ˜(b) + 2a sin
2 b
2
(
1 + bsin b
)
sin b
= (1− a)µ˜(b) + a
(
b
2
cos2 b2
+ tan
b
2
)
= (1− a)µ˜(b) + aµˆ
(
b
2
)
and
µ(b) = (1 + a)µ˜(b)− ab cot b− 1 +
b
sin b − cos b
sin b
= (1 + a)µ˜(b)− 2acos
2 b
2
(
b
sin b − 1
)
sin b
= (1 + a)µ˜(b)− a
(
b
2
sin2 b2
− cot b
2
)
= (1 + a)µ˜(b)− aµ˜
(
b
2
)

Remark. Observe that all these funtions µ, µ˜, µˆ are odd. The following lemmata
will show that µ˜|[0,∞) ≥ 0, µˆ|[0,∞) ≥ 0 and therefore µ|[0,∞) ≥ 0. Sine we assumed
that u ≥ 0, we only need information of these funtions for b ≥ 0.
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µˆ(b/2)
µ˜(b)
pi 2pi 3pi 4pi
(a) Plotting of µ˜(b) (gray), µˆ(b/2) (gray)
and µ(b) (blak) with parameter a =
0.7.
µ˜(b/2)
µ˜(b)
pi 2pi 3pi 4pi
(b) Plotting of µ˜(b) (gray), µ˜(b/2) (gray)
and µ(b) (blak) with parameter a =
−0.7.
The funtion µ˜, whih also appears in the study of geodesis on the Heisenberg
group, where intensively studied by Beals, Gaveau, Greiner in [1℄. We will use the
following result:
Lemma 2.3. The funtion µ˜ is a monotone inreasing dieomorphism of the in-
terval [0, π) onto [0,∞). On eah interval (mπ, (m+ 1)π) , m ∈ N, µ˜ has a unique
ritial point b˜m, whih is a minimum. b˜m is impliitly given as the solution of the
equation 1− b cot b = 0 in the orresponding interval. On this interval, µ˜ dereases
stritly from +∞ to µ˜(b˜m) and then inreases stritly to +∞. Moreover,
(2.25) µ˜(b˜m) + π < µ˜(b˜m+1),
and
(2.26) µ˜(b˜m) > mπ.
The funtion µˆ has been studied by Calin, Chang, Greiner, Kannai in [3℄:
Lemma 2.4. The funtion µˆ is a monotone inreasing dieomorphism of [0, pi2 )
onto [0,∞). On eah interval (mπ + pi2 , (m+ 1)π + pi2 ) , m ∈ N0, µˆ has an unique
ritial point bˆm, whih is a minimum. bˆm is impliitly given as the solution of the
equation 1+ b tan b = 0 in the orresponding interval. On this interval, µˆ dereases
stritly from +∞ to µˆ(bˆm) and then inreases stritly to +∞. Moreover,
(2.27) µˆ(bˆm) ≥ π
(
m+
1
2
)
.
Remark. Moreover µ˜′′(b) > 0, b 6∈ πN and µˆ′′(b) > 0, b − pi2 6∈ N0, i.e. µ˜ is
stritly onvex on eah interval (mπ, (m+ 1)π) , m ∈ N and µˆ is stritly onvex
on eah interval
(
mπ + pi2 , (m+ 1)π +
pi
2
)
, m ∈ N0. This is another result of [1,
3℄. Hene µ, as a onvex ombination, is also stritly onvex on eah interval
(mπ, (m+ 1)π) , m ∈ N.
Combining the previous two lemmata we get the following result for the funtion
µ:
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Lemma 2.5. Let −1 < a < 1. The funtion µ is monotone inreasing on [0, π)
onto [0,∞). On eah interval (mπ, (m + 1)π), m ∈ N, µ has an unique ritial
point bm, whih is a minimum. For a ≥ 0 and m ∈ N0
(2m+ 1)π < b˜2m+1 ≤ b2m+1 ≤ 2bˆm < (2m+ 2)π,(2.28)
(2m+ 2)π < b2m+2 ≤ b˜2m+2 < (2m+ 3)π;
and for a < 0 and m ∈ N
2mπ < b˜2m ≤ b2m ≤ 2b˜m < (2m+ 1)π,(2.29)
(2m+ 1)π < b2m+1 ≤ b˜2m+1 < (2m+ 2)π.
On eah interval (mπ, (m + 1)π), m ∈ N, µ dereases stritly from +∞ to µ(bm)
and then inreases stritly to +∞. Moreover for all m ∈ N,
µ(bm) ≥ m− 1
2
π,(2.30)
l(bm)− bmµ(bm) = 1− aδ(bm),(2.31)
where
(2.32) δ(b) := cos b+
b
2
sin b.
Proof. It is easy to see that mπ < b˜m < mπ +
pi
2 < bˆm < (m+ 1)π, see gure 2.
b˜1
bˆ1
pi 2pi 3pi 4pi
Figure 2. The graphs of the funtions tan (blak) and − cot
(gray) and the line x 7→ x.
Sine
1− b cot b = 1 + b
2
tan
b
2
− b
2
cot
b
2
≥
{
1 + b2 tan
b
2 b ∈ ((2m+ 1)π, (2m+ 2)π)
1− b2 cot b2 b ∈ (2mπ, (2m+ 1)π)
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pi 2pi 3pi 4pi 5pi
Figure 3. The graphs of the funtions x 7→ 1 + x2 tan x2 (blak)
and x 7→ 1− x cotx (gray).
and b˜2m+1, 2bˆm ∈ ((2m+ 1)π, (2m+ 2)π) it follows that b˜2m+1 < 2bˆm; also, sine
b˜2m, 2b˜m ∈ (2mπ, (2m+ 1)π), it follows that b˜2m < 2b˜m.
If a ≥ 0, µ′ is a onvex ombination of µ˜′ and 12 µˆ′
(
b
2
)
. On the interval
((2m+ 1)π, (2m+ 2)π) both funtions are monotone inreasing with zero b˜2m+1
of µ˜′ lying left of 2bˆm, so we have
µ′
(
b˜2m+1
)
=
a
2
µˆ′
(
b˜2m+1
2
)
≤ 0 and µ′
(
2bˆm
)
= (1 − a)µ˜′
(
2bˆm
)
> 0.
Hene µ′ has a zero bm in between: b˜2m+1 ≤ bm < 2bˆm. Due to the fat that µ is
stritly onvex, this ritial point is unique in the interval ((2m+ 1)π, (2m+ 2)π),
and also a minimum.
In the interval ((2m+ 2)π, (2m+ 3)π) still both funtions are monotone inreas-
ing, but only µ˜′ has a zero at b˜2m+2.
1
2 µˆ
′
(
b
2
)
is positive on this interval and sine
µ˜′(b) tends to −∞ as b b>(2m+2)pi−−−−−−−−→ (2m+ 2)π, there is a zero b2m+2 of µ′ in this
interval ((2m + 2)π, (2m + 3)π) with (2m + 2)π ≤ b2m+2 < b˜2m+2. This ritial
point is unique and a minimum, sine µ is onvex.
The ase a < 0 is similar, if we use 12 µ˜
(
b
2
)
instead of
1
2 µˆ
(
b
2
)
and the fat that
in the interval (2mπ, (2m+ 1)π): b˜2m < 2b˜m are zeros of these two funtions and
1
2 µ˜
(
b
2
)
has no zero in ((2m+ 1)π, (2m+ 2)π).
To obtain the lower bound (2.30) on µ, we onsider the following ases:
1. ase a ≥ 0 and m even:
Sine
bm
2 ∈
((
m−2
2 +
1
2
)
π,
(
m
2 +
1
2
)
π
)
, we have
µ(bm) = (1− a)µ˜(bm) + aµˆ
(
bm
2
)
≥ (1− a)mπ + am− 1
2
π
≥ m− 1
2
π.
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2. ase a ≥ 0 and m odd:
Sine
bm
2 ∈
((
m−1
2 +
1
2
)
π, m+12 π
)
, we have
µ(bm) ≥ (1− a)mπ + am
2
π
≥ m
2
π >
m− 1
2
π.
3. ase a < 0 and m even:
Sine
bm
2 ∈
(
m
2 π,
m+1
2 π
)
, we have
µ(bm) = (1 + a)µ˜(bm)− aµ˜
(
bm
2
)
≥ (1 + a)mπ − am
2
π
≥ m
2
π >
m− 1
2
π.
4. ase a < 0 and m odd:
Sine
bm
2 ∈
(
m−1
2 π,
m+1
2 π
)
, we have
µ(bm) ≥ (1 + a)mπ − am− 1
2
π
≥ m− 1
2
π.
At last, to establish the equation (2.31), we need some more information of bm, i.e.
the ritial points of µ. First observe, that for any b ∈ R \ πZ∗:
(2.33) bµ(b) + b cot b− b
sin b
a = l(b)
and
d
db
(
b cot b− b
sin b
a
)
= cot b− b
sin2 b
− a1− b cot b
sin b
= −µ(b).
So
l′(b) = µ(b) + bµ′(b)− µ(b)
= bµ′(b).(2.34)
To nd the ritial points of µ, we dierentiate:
µ′(b) = 2
1− b cot b
sin2 b
+ a
b
sin b − cos b− cos b(1− b cot b)
sin2 b
= 2
1− b cot b
sin2 b
+ a
b sin b− 2 cos b(1− b cot b)
sin2 b
.
So
(2.35) µ′(b) = 0⇔ a = 1− b cot b
cos b(1− b cot b)− b2 sin b
.
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From this and (2.33) we get:
l(bm)− bmµ(bm) = bm cot bm − bm
sin bm
a
= 1− (1− bm cot bm)− bm
sin bm
a
= 1− a
(
cos bm (1− bm cot bm)− bm
2
sin bm +
bm
sin bm
)
= 1− a
(
cos bm (1− bm cot bm) + bm
2
sin bm + bm cos bm cot bm
)
= 1− a
(
cos bm +
bm
2
sin bm
)
= 1− aδ(bm).

For the proof of the next theorem we need another lemma:
Lemma 2.6. On eah interval (mπ, (m+ 1)π) , m ∈ N δ has a unique zero, and a
unique ritial point at b˜m, whih is a maximum with δ(b˜m) > 0, if m is even and
a minimum with δ(b˜m) < 0, if m is odd .
2
4
6
8
−2
−4
−6
pi 2pi 3pi 4pi
Figure 4. The funtion δ.
Proof. Sine
δ(b) = 0⇔ cos b+ b
2
sin b = 0
⇔ 2 + b tan b = 0,
there is a unique zero in eah interval (mπ, (m+ 1)π) , m ∈ N0.
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The ritial points of δ are given by
δ′(b) = 0⇔ − sin b+ 1
2
sin b+
b
2
cos b = 0
⇔ b cot b− 1 = 0
⇔ b = b˜m.
Sine
(2.36) δ′′(b) = − b
2
sin b,
we see that b˜m is a maximum, if m is even and a minimum, if m is odd. 
Theorem 2.3. Given (x1, 0), (x, u) ∈ Rn × R with x1 6= ±x and u > 0, there are
nitely many geodesis joining these two points. These geodesis are given by (2.6),
where b is a solution of
(2.37)
2u
|x1|2 + |x|2
= µ(b),
and their lengths are stritly inreasing with b. Moreover the shortest geodesi
joining (x1, 0) and (x, u) is given by the unique solution b ∈ (0, π) of (2.37) in the
interval (0, π). With this solution b the Carnot-Carathéodory distane is
dCC ((x1, 0), (x, u)) = L(γ
b)(2.38)
=
b
sin b
√
|x1|2 + |x|2 − 2x1 · x cos b
=
√
2bu+
(
|x1|2 + |x|2
)
b cot b− 2 b
sin b
x1 · x.
b
b(2, 10)
b
=
1
.9
2
2
b
b
b
=
5
.3
1
6
3
b
b(8, 10)
b
=
0.
30
47
4
b
b(−8, 4)
b=
0.2
29
52
b
b(−2, 9)
b=
3.676
3
3
6
9
2 4 6 8−2−4−6−8−10
Figure 5. Geodesis joing dierent points.
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Proof. From Lemma 2.1 we have that the geodesis in this ase are impliitly given
by solutions of the equation
2u
|x1|
2+|x|2
= µ(b). The properties of the funtion µ
show us that there is exatly one solution in the interval (0, π) and at most two
solutions in eah interval (mπ, (m+ 1)π), m ∈ N. So it remains to prove, that the
values of l at these solutions are stritly inreasing, i.e. if s < t are two solutions,
then l(s) < l(t).
Let s ∈ (mπ, (m+ 1)π) , m ∈ N, then we have by (??)
l(s) =
∫ s
bm
l′(b)db+ l(bm)
=
∫ s
bm
bµ′(b)db+ l(bm)
= bµ(b)|sbm −
∫ s
bm
µ(b)db+ l(bm)
= sµ(s)−
∫ s
bm
µ(b)db+ l(bm)− bmµ(bm)
= sµ(s)−
∫ s
bm
µ(b)db+ 1− aδ(bm).
So, if we have two solutions s ≤ t of (2.37) in the same interval (mπ, (m+ 1)π) , m ∈
N, we see that
l(s)− l(t) = sµ(s)−
∫ s
bm
µ(b)db− tµ(t) +
∫ t
bm
µ(b)db
= (s− t)µ(s) +
∫ t
s
µ(b)db
≤ 0.
Now let sm, tm ∈ (mπ, (m+ 1)π) , sm ≤ tm, m ∈ N be the solutions of (2.37). To
ompare the orresponding lengths l at tm and sm+1, notie that
(2.39) l(tm)− l(sm+1)
= − (sm+1 − tm)µ(tm)−
∫ tm
bm
µ(b)db−
∫ bm+1
sm+1
µ(b)db− (δ(bm)− δ(bm+1)) a.
Now onsider the following ases:
1. ase a ≥ 0 and m even:
Then, sine mπ < bm ≤ b˜m, δ(mπ) = 1 and b˜m is a maximum of δ, it follows
that δ(bm) > 1. And, sine b˜m+1 ≤ bm+1 < (m + 2)π, δ((m + 2)π) = 1 and
b˜m+1 is a minimum of δ, we have δ(bm) < 1. So (δ(bm)− δ(bm+1)) a ≥ 0, whih
gives the laim, sine µ ≥ 0.
2. ase a < 0 and m odd:
Then, sine mπ < bm ≤ b˜m, δ(mπ) = −1 and b˜m is a minimum of δ, it follows
that δ(bm) < −1. And, sine b˜m+1 ≤ bm+1 < (m+ 2)π, δ((m+ 2)π) = −1 and
b˜m+1 is a maximum of δ, we have δ(bm) > −1. So (δ(bm)− δ(bm+1)) a ≥ 0,
whih gives the laim, sine µ ≥ 0.
3. ase a ≥ 0 and m odd:
Here bm ≤ 2bˆm−1
2
< sm+1 ≤ bm+1. Let
s :=
{
tm , if µˆ
(
tm
2
)
> µˆ
( sm+1
2
)
sm+1 , if µˆ
(
tm
2
) ≤ µˆ ( sm+12 ) .
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Then, sine 2bˆm−1
2
is a minimum of µˆ
(
b
2
)
on (mπ, (m+ 2)π) and monotone on
the left and right of 2bˆm−1
2
: maxb∈[tm,sm+1] µˆ
(
b
2
)
= µˆ
(
s
2
)
and therefore
−(sm+1 − tm)µ(tm) = − (sm+1 − tm)µ(s)
= − (sm+1 − tm)
(
(1− a)µ˜(s) + aµˆ
(s
2
))
≤ − (sm+1 − tm) aµˆ
(s
2
)
≤ −a
∫ sm+1
tm
µˆ
(
b
2
)
db.
Notie that µˆ( b2 ) has no singularity at (m + 1)π. Now (2.39) beomes, sine
µ(b) ≥ aµˆ ( b2):
l(tm)− l(sm+1) ≤ −a
∫ bm+1
bm
µˆ
(
b
2
)
db− (δ(bm)− δ(bm+1)) a
= −a
∫ bm+1
bm
(
b/2
cos2 b2
+ tan
b
2
)
db− (δ(bm)− δ(bm+1)) a
= −ab tan b
2
|bm+1bm − (δ(bm)− δ(bm+1)) a
= a
(
δ(bm+1)− bm+1 tan bm+1
2
−
(
δ(bm)− bm tan bm
2
))
.
Further
δ(b)− b tan b
2
= cos b+
b
2
sin b− b tan b
2
= b sin
b
2
(
cos
b
2
− 1
cos b2
)
− 2 sin2 b
2
+ 1
= −
(
b sin2
b
2
tan
b
2
+ 2 sin2
b
2
)
+ 1
= −2 sin2 b
2
(
1 +
b
2
tan
b
2
)
+ 1.
Sine bm ≤ 2bˆm−1
2
≤ bm+1 and 1 + bˆm−1
2
tan bˆm−1
2
= 0 and b 7→ 1 + b2 tan b2 is
inreasing on (mπ, (m+ 2)π), we onlude:
l(tm)− l(sm+1)
≤ 2a
(
sin2
bm
2
(
1 +
bm
2
tan
bm
2
)
− sin2 bm+1
2
(
1 +
bm+1
2
tan
bm+1
2
))
≤ 0.
4. ase a < 0 and m even:
This is very similar to the third ase, if we use µ˜. Here bm ≤ 2b˜m2 < sm+1 ≤
bm+1. Let
s :=
{
tm , if µ˜
(
tm
2
)
> µ˜
( sm+1
2
)
sm+1 , if µ˜
(
tm
2
) ≤ µ˜ ( sm+12 ) .
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Then, sine 2b˜m
2
is a minimum of µ˜
(
b
2
)
on (mπ, (m+ 2)π) and monotone on
the left and right of 2b˜m
2
: maxb∈[tm,sm+1] µ˜(
b
2 ) = µ˜(
s
2 ) and therefore
−(sm+1 − tm)µ(tm) = − (sm+1 − tm)µ(s)
= − (sm+1 − tm)
(
(1 + a)µ˜(s)− aµ˜
(s
2
))
≤ (sm+1 − tm) aµ˜
(s
2
)
≤ a
∫ sm+1
tm
µ˜
(
b
2
)
db.
Notie that µ˜( b2 ) has no singularity at (m + 1)π. Now (2.39) beomes, sine
µ(b) ≥ −aµ˜(b/2):
l(tm)− l(sm+1) ≤ a
(∫ bm+1
bm
µ˜
(
b
2
)
db− δ(bm) + δ(bm+1)
)
= a
(∫ bm+1
bm
(
b/2
sin2 b2
− cot b
2
)
db − δ(bm) + δ(bm+1)
)
= a
(
−b cot b
2
|bm+1bm − δ(bm) + δ(bm+1)
)
= a
(
bm cot
bm
2
− δ(bm)− (bm+1 cot bm+1
2
− δ(bm+1))
)
.
Further
b cot
b
2
− δ(b) = − cos b− b
2
sin b + b cot
b
2
= −b cos b
2
(
sin
b
2
− 1
sin b2
)
− 2 cos2 b
2
+ 1
= −2 cos2 b
2
(
1− b
2
cot
b
2
)
+ 1.
Sine bm ≤ 2b˜m
2
≤ bm+1 and 1− b˜m
2
cot b˜m
2
= 0 and b 7→ 1− b2 cot b2 is inreasing
on (mπ, (m+ 2)π), we onlude:
l(tm)− l(sm+1)
≤ −2a
(
cos2
bm
2
(
1− bm
2
cot
bm
2
)
− cos2 bm+1
2
(
1− bm+1
2
cot
bm+1
2
))
≤ 0.
If t0 ∈ (0, π) denotes the solution of (2.37), it remains to show that l(t0) < l(s1).
The above alulations an be extended to this, if one sets b0 = 0. In detail we
have
l(t0) =
∫ t0
0
l′(b)db + l(0)
= t0µ(t0)−
∫ t0
0
µ(b)db + 1− a,
so that
l(t0)− l(s1) = −(s1 − t0)µ(s1)−
∫ t0
0
µ(b)db−
∫ b1
s1
µ(b)db− (1− δ(b1)) a.
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Again from the previous lemma one gets l(t0) < l(s1) if a ≥ 0, sine 1−δ(b1) > 0
and µ > 0. If a < 0, then sine µ˜ is inreasing on [0, π):
−(s1 − t0)µ(s1) = −(s1 − t0)
(
(1 + a)µ˜(s1)− aµ˜
(s1
2
))
≤ (s1 − t0)aµ˜
(s1
2
)
≤ a
∫ s1
t0
µ˜
(
b
2
)
db.
So we get
l(t0)− l(s1) ≤ a
∫ b1
0
µ˜
(
b
2
)
db − (1− δ(b1)) a
= a
(
−b cot b
2
|b10 − 1 + δ(b1)
)
= a
(
δ(b1)− b1 cot b1
2
+ 1
)
= 2a cos2
b1
2
(
1− b1
2
cot
b1
2
)
≤ 0,
sine 1− b2 cot b2 ≥ 0 on [0, 2π).

Theorem 2.4. Given (x, 0), (x, u) ∈ Rn×R, x 6= 0, u > 0, there are nitely many
geodesis onneting (x, 0), (x, u). Namely:
1. For any solution b of
(2.40)
u
|x|2 = µˆ
(
b
2
)
there is a geodesi γb given by (2.6) with square of length
(2.41) L(γb)2 =
b2
cos2 b2
|x|2 = 2bu− 2 |x|2 b tan b
2
,
whih stritly inreases with b.
2. If u ≥ |x|2 π, then for eah m ∈ N with u ≥ mπ |x|2 there are geodesis γb,c
given by (2.6) with b = 2mπ, |c| = 2
√
mπu− (mπ)2 |x|2, with lengths
(2.42) L(γb,c) = 2
√
mπu.
Moreover the shortest geodesi and therefore the Carnot-Carathéodory distane is
given by the unique solution b of (2.40) in the interval (0, π), with this b we have
(2.43) dCC((x, 0), (x, u)) =
b
cos b2
|x| =
√
2bu− 2 |x|2 b tan b
2
.
Proof. Notie that in this ase a = 1. We will onsider two ases:
1. ase b ∈ πN:
Then sine γb,c(1)(1) = x, there exists m ∈ N with b = 2mπ. Then γb,c(2)(1) = u is
equivalent to
u =
(
|c|2 + (2mπ)2 |x|2
) 1
4mπ
.
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b
b(1, 6)
b
=
2
.1
0
14
b
b
b
=
4
.2
5
6
5
γ+
,
b=
2pi
γ− , b
=
2pi
2
4
6
1 2 3−1−2−3
Figure 6. Geodesis joining (1, 0) and (1, 6) with dierent b 6∈ Z∗
vs. the two geodesis with b = 2π and c = ±
√
2bu− x21b2.
So if u ≥ mπ |x|2, there is a geodesi given by (2.6) with
b = 2mπ, |c| = 2
√
mπu− (mπ)2 |x|2,
with length:
L2(γb,c) = |c|2 + |x|2 b2 = 4mπu
This gives the seond part of the theorem.
2. ase b 6∈ πN:
In this ase we have
µ(b) = µˆ
(
b
2
)
.
This is very similar to the situation in Theorem 2.3, but muh easier, sine we
are only dealing with µˆ. From Lemma 2.4 we know that the equation
u
|x|2 = µˆ
(
b
2
)
has at most two solutions in an interval ((2m+ 1)π, (2m+ 3)π) , m ∈ N0, eah
dening a geodesi. If s is a solution of this equation, the square of the length
of the orresponding geodesi γ is given by
L2(γ) = 2l(s) |x|2
= 2
s2
sin2 s
(1− cos s) |x|2
=
s2
cos2 s2
|x|2 .
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If s ∈ ((2m+ 1)π, (2m+ 3)π), m ∈ N0 , we have
l(s) =
∫ s
2bˆm
l′(b)db + l
(
2bˆm
)
=
∫ s
2bˆm
bµ′(b)db+ l
(
2bˆm
)
=
∫ s
2bˆm
b
2
µˆ′
(
b
2
)
db+ l
(
2bˆm
)
= sµˆ
(s
2
)
− 2bˆmµˆ
(
bˆm
)
−
∫ s
2bˆm
µˆ
(
b
2
)
db + l
(
2bˆm
)
(2.44)
But now
l(2bˆm)− 2bˆmµˆ(bˆm) = 2b
2
m
cos2 bˆm
− 2bˆm
(
bˆm
cos2 bˆm
+ tan bˆm
)
= −2bˆm tan bˆm
= 2.(2.45)
First let s ≤ t be two solutions in an interval ((2m+ 1)π, (2m+ 3)π) , m ∈ N0.
Then by (??) and (??)
l(s)− l(t) = sµˆ(s
2
)−
∫ s
2bˆm
µˆ
(
b
2
)
db− tµˆ
(
t
2
)
+
∫ t
2bˆm
µˆ
(
b
2
)
db
= −(t− s)µˆ
(s
2
)
+
∫ t
s
µˆ
(
b
2
)
db
≤ 0.
Now let tm ∈ ((2m + 1)π, (2m + 3)π) and sm+1 ∈ ((2m + 3)π, (2m + 5)π) be
two solutions, where tm is the rightmost and sm+1 is the leftmost solution in
the orresponding interval. Then by (??) and (??)
l(tm)− l(sm+1)
= tmµˆ
(
tm
2
)
−
∫ tm
2bˆm
µˆ
(
b
2
)
db− sm+1µˆ
(sm+1
2
)
+
∫ sm+1
2bˆm+1
µˆ
(
b
2
)
db
= − (sm+1 − tm) µˆ
(
tm
2
)
−
∫ tm
2bˆm
µˆ
(
b
2
)
db −
∫ 2bˆm+1
sm+1
µˆ
(
b
2
)
db
≤ 0,
sine 2bˆm ≤ tm and sm+1 ≤ 2bˆm+1.
If t ∈ (0, π) is the solution of (2.40), we have to hek, that l(t) < l(s0). As
above, we have
l(t) =
∫ t
0
l′(b)db + l (0)
= tµˆ
(
t
2
)
−
∫ t
0
µˆ
(
b
2
)
db+ 2,
so that
l(t)− l(s0) = tµˆ
(
t
2
)
−
∫ t
0
µˆ
(
b
2
)
db− s0µˆ
(s0
2
)
+
∫ s0
2bˆ0
µˆ
(
b
2
)
db
= −(s0 − t)µˆ
(
t
2
)
−
∫ t
0
µˆ
(
b
2
)
db −
∫ 2bˆ0
s0
µˆ
(
b
2
)
db
≤ 0.
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At last we have to ompare the length of the shortest geodesi of ase 1 (if there
is one) with that of ase 2. Let b ∈ (0, π) be the solution of (2.40), then sine
tan b2 ≥ 0:
L2(γb) = 2bu− 2 |x|2 b tan b
2
≤ 2πu
≤ L2(γ2pi,c).

Theorem 2.5. Given (x, 0), (−x, u) ∈ Rn × R, x 6= 0, u > 0, there are nitely
many geodesis onneting (x, 0), (−x, u). Namely:
1. For any solution b of
(2.46)
u
|x|2 = µ˜
(
b
2
)
there is a geodesi γb given by (2.6) with square of length
(2.47) L(γb)2 =
b2
sin2 b2
|x|2 = 2bu+ |x|2 b cot b
2
,
whih stritly inreases with b.
2. If 2u ≥ |x|2 π, then for eah m ∈ N0 with 2u ≥ (2m+1)π |x|2 there are geodesis
γb,c given by (2.6) with b = (2m+1)π, |c| =
√
2(2m+ 1)πu− (2m+ 1)2π2 |x|2
and lengths
(2.48) L(γb,c) =
√
2(2m+ 1)πu.
Moreover the shortest geodesi and therefore the Carnot-Carathéodory distane is
given by the unique solution b of (2.46) in the interval (0, π), if 2u < |x|2 π. With
this b we have:
(2.49) dCC((x, 0), (−x, u)) = b
sin b2
|x| =
√
2bu+ |x|2 b cot b
2
.
And, if 2u ≥ |x|2 π, then the Carnot-Carathéodory distane is given by
dCC ((x, 0), (−x, u)) =
√
2πu.
Proof. Notie that in this ase a = −1. The rst part is the same proof as above,
if one replaes µˆ, bˆ with µ˜, b˜. In partiular:
1. ase b ∈ πN:
Then sine γ(1)(1) = x, there exists m ∈ N0 with b = (2m + 1)π. Then
γ(2)(1) = u is equivalent to
u =
(
|c|2 + (2m+ 1)2π2 |x|2
) 1
2(2m+ 1)π
.
So if 2u ≥ (2m+1)π |x|2, there are geodesis γb,c given by (2.6) with b = (2m+ 1)π,
|c| =
√
2(2m+ 1)πu− (2m+ 1)2π2 |x|2, with length
L2(γb,c) = |c|2 + |x|2 b2 = 2(2m+ 1)πu
This gives the seond part of the theorem.
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b
b(−1, 5)
b=4.59
46
b
b
b = 9.65
01
γ
+
,
b
=
pi
γ−
,
b
=
pi
2
4
1 2 3−1−2−3
Figure 7. Geodesis joining (1, 0) and (1, 5) with dierent b 6∈ Z∗
vs. two geodesis with b = π and c = ±
√
2bu− x21b2.
2. ase b 6∈ πN:
In this ase we have:
µ(b) = µ˜
(
b
2
)
.
This is again very similar to the situation in Theorem 2.3, but a lot simpler,
sine we are only dealing with µ˜. From Lemma 2.3 we know that the equation
(2.50)
u
|x|2 = µ˜
(
b
2
)
has at most two solutions in an interval (2mπ, (2m+2)π), m ∈ N, eah dening
an geodesi. If s is a solution of this equation, the square of the length of the
orresponding geodesi γ is given by
L2(γ) = 2l(s) |x|2
= 2
s2
sin2 s
(1 + cos s) |x|2
=
s2
sin2 s2
|x|2 .
If s ∈ (2mπ, (2m+ 2)π), m ∈ N, we have:
l(s) =
∫ s
2b˜m
l′(b)db + l
(
2b˜m
)
=
∫ s
2b˜m
bµ′(b)db+ l
(
2b˜m
)
=
∫ s
2b˜m
b
2
µ˜′
(
b
2
)
db+ l
(
2b˜m
)
= sµ˜
(s
2
)
− 2b˜mµ˜
(
b˜m
)
−
∫ s
2b˜m
µ˜
(
b
2
)
db + l
(
2b˜m
)
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But now
l(2b˜m)− 2b˜mµ˜(b˜m) = 2b˜
2
m
sin2 b˜m
− 2b˜m
(
b˜m
sin2 b˜m
− cot b˜m
)
= 2b˜m cot b˜m
= 2.
First let s ≤ t be two solutions of (2.50) in an interval (2mπ, (2m+2)π), m ∈ N;
then
l(s)− l(t) = sµ˜
(s
2
)
−
∫ s
2b˜m
µ˜
(
b
2
)
db− tµ˜
(
t
2
)
+
∫ t
2b˜m
µ˜
(
b
2
)
db
= −(t− s)µ˜
(s
2
)
+
∫ t
s
µ˜
(
b
2
)
db
≤ 0.
Now let tm ∈ (2mπ, (2m + 2)π) and sm+1 ∈ ((2m + 2)π, (2m + 4)π) be two
solutions, then
l(tm)− l(sm+1)
= tmµ˜
(
tm
2
)
−
∫ tm
2b˜m
µ˜
(
b
2
)
db− sm+1µ˜
(sm+1
2
)
+
∫ sm+1
2b˜m+1
µ˜
(
b
2
)
db
= −(sm+1 − tm)µ˜
(
tm
2
)
−
∫ tm
2b˜m
µ˜
(
b
2
)
db−
∫ 2b˜m+1
sm+1
µ˜
(
b
2
)
db
≤ 0,
sine 2b˜m ≤ tm and sm+1 ≤ 2b˜m.
If t0 ∈ (0, 2π) is the solution in the interval (0, 2π), we have to show that
l(t0) < l(s1). But the above alulations show that
l(t0) =
∫ t0
0
l′(b)db+ l (0)
= t0µ˜
(
t0
2
)
−
∫ t0
0
µ˜
(
b
2
)
db + 2.
So we get
l(t0)− l(s1) = t0µ˜
(
t0
2
)
−
∫ t0
0
µ˜
(
b
2
)
db− s1µ˜
(s1
2
)
+
∫ s1
2b˜1
µ˜
(
b
2
)
db
= −(s1 − t0)µ˜
(
t0
2
)
−
∫ t0
0
µ˜
(
b
2
)
db−
∫ 2b˜1
s1
µ˜
(
b
2
)
db
< 0.
At last we have to ompare the length of the shortest geodesi γpi,c, |c| =
√
2πu− π2 |x|2
of ase 1 (if there is one) with that of ase 2. Let b ∈ (0, 2π) be the solution of
(2.46). If b < π, then, sine µ˜ is monotone inreasing on (0, π), we get:
u
|x|2 = µ˜
(
b
2
)
< µ˜
(π
2
)
=
π
2
.
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But this means, that 2u < π |x|2 and therefore there is no extra geodesi. If now
b ≥ π, we have to show that L2(γb) ≥ 2πu. We have
u
|x|2 = µ˜
(
b
2
)
=
b
2
sin2 b2
− cot b
2
= cot
b
2
(
b
2 sin b2 cos
b
2
− 1
)
=
b− sin b
sin b
cot
b
2
,
so that
L2
(
γb
)
= 2bu+ 2 |x|2 b cot b
2
= 2bu
(
1 +
sin b
b − sin b
)
= 2u
b2
b− sin b
≥ 2πu.
The last inequality holds sine f(b) := b
2
b−sin b ≥ π, for all b ∈ [π, 2π]. To see this,
observe, that f(π) = π and f is monotone inreasing:
f ′(b) =
2b(b− sin b)− b2(1 − cos b)
(b− sin b)2
=
b2(1 + cos b)− 2b sin b
(b− sin b)2
≥ 0.
This ompletes the proof, sine the geodesis γb,c in ase 2 (with parameter b = π,
|c| = √2πu− π2x2) are shorter. 
To lose this setion, we give a summarizing theorem about our results of this
setion:
Theorem 2.6. Let (x1, u1), (x, u) ∈ Rn+1. If x1 = −x and 2 |u− u1| ≥ π |x|2,
then the Carnot-Carathéodory distane is given by
(2.51) dCC ((x1, u1), (x, u)) =
√
2π |u− u1|.
Otherwise the Carnot-Carathéodory distane is given by
dCC ((x1, u1), (x, u)) =
b
sin b
√
|x1|2 + |x|2 − 2x1 · x cos b(2.52a)
=
√
2b(u− u1) + (|x1|2 + |x|2)b cot b− 2x1 · x b
sin b
(2.52b)
where b ∈ (−π, π) is the unique solution of
(2.53)
2(u− u1)
|x1|2 + |x|2
=
b
sin2 b
− cot b+ 2 x1 · x|x1|2 + |x|2
· 1− b cot b
sin b
in the interval (−π, π).
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3. Heat kernel
We now turn our attention to the heat equation, i.e. the Cauhy problem
(3.1)
{
(∂t −G)v(t, x, u) = 0
v(0, x, u) = f(x, u)
with some funtion f ∈ S(Rn+1). Taking the Fourier-transform in the u-variable
we see that this is equivalent to
(3.2)
{
(∂t −Hλ)w(t, x, λ) = 0
w(0, x, λ) = g(x, λ)
,
where g(x, λ) := f(x, λˆ) denotes the partial Fourier-transform of f in the u-variable
andHλ = ∆x−|λ|2|x|2 denote the Hermite-operator with parameter λ ∈ R, whih is
the partial Fourier-transform of G. Thanks to the Planherel formula, any solution
w of (3.2) denes a solution v to (3.1) by taking the inverse Fourier-transform, and
vie versa.
But the latter equation is well known and we give a brief disussion of this
equation. The solution of this equation is given by etHλg, where etHλ is a bounded
operator dened by the funtional alulus, sine Hλ is a self-adjoint operator. By
the Shwartz kernel theorem etHλ is given by an integral kernel, i.e.
(3.3) etHλg(x) =
∫
Rn
kλt (x, ξ)g(ξ)dξ.
And, sine Hλ is hypoellipti, we have k
λ
t ∈ C∞(R2n).
The Hermite-funtions
(3.4) hα(x) :=
2n/4√
α!
( −1
2
√
π
)|α|
epi|x|
2
(
∂
∂x
)α
e−2pi|x|
2
, x ∈ Rn, α ∈ Nn0 ,
whih give an orthonormal basis of L2(Rn), are eigenfuntions of H2pi:
(3.5) H2pihα = −2π (2|α|+ n)hα.
Sine
(3.6)
(
∆− µ2|x|2) f(r·) = r2 ((∆− ( µ
r2
)2
| · |2
)
f
)
(r·),
we an resale the Hermite funtions
(3.7) hλα(x) :=
( |λ|
2π
)n
4
hα
(( |λ|
2π
) 1
2
x
)
to get an orthonormal basis
(
hλα
)
α∈Nn0
of eigenfuntions of Hλ:
(3.8) Hλh
λ
α = −|λ| (2|α|+ n)hλα.
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Using Mehler's formula, we an alulate the kernel kλt :
kλt (x, ξ) =
∑
|α|≥0
etHλhλα(x)h
λ
α(ξ)
=
∑
|α|≥0
e−|λ|(2|α|+n)t
( |λ|
2π
)n
2
hα
(√
|λ|
2π
x
)
hα
(√
|λ|
2π
ξ
)
=
( |λ|
2π
)n
2
e−n|λ|t
∑
|α|≥0
e−2|λ||α|thα
(√
|λ|
2π
x
)
hα
(√
|λ|
2π
ξ
)
=
( |λ|
2π
)n
2
e−n|λ|
(
2
1− e−4|λ|t
)n
2
· exp
(
−π (1 + e−4|λ|t) |x|2+|ξ|22pi |λ|+ 4π x·ξ2pi |λ|e−2|λ|t
1− e−4|λ|t
)
= (2π)−n/2
( |λ|
sinh(2|λ|t)
)n
2
· exp
(
−|x|
2 + |ξ|2
2
|λ| coth(2|λ|t) + |λ|
sinh(2|λ|t)x · ξ
)
= (4πt)−n/2
(
2λt
sinh(2λt)
)n
2
· exp
(
− 1
4t
(
2λt coth(2λt)(|x|2 + |ξ|2)− 4λt
sinh(2λt)
x · ξ
))
.
Now, by taking the Fourier inverse
Kt(x, ξ, u) = (2π)
−1
∞∫
−∞
kλt (x, ξ)e
iλudλ(3.9)
= (2π)−1(4πt)−n/2
∞∫
−∞
(
2λt
sinh(2λt)
)n
2
· exp
(
− 1
4t
(
2λt coth(2λt)(|x|2 + |ξ|2)− 4λt
sinh(2λt)
x · ξ
))
eiλudλ
= (4πt)−n/2−1
∞∫
−∞
(
λ
sinhλ
)n
2
exp
(
− 1
4t
(
λ cothλ(|x|2 + |ξ|2)− 2λ
sinhλ
x · ξ − 2iλu
))
dλ,
one gets the heat kernel for the Gru²in operator. Now the solution of (3.1) is given
by
(3.10) v(x, u) =
∫
R
∫
Rn
Kt(x, ξ, u − λ)f(ξ, λ)dξdλ.
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4. Estimates
We may now use the results of setion 2 to give some estimates for the heat
kernel. We set
h(x, ξ, u) :=
∞∫
−∞
(
λ
sinhλ
)n
2
exp
(
−
(
λ cothλ(|x|2 + |ξ|2)− 2λ
sinhλ
x · ξ − 2iλu
))
dλ
(4.1)
=
∞∫
−∞
(
λ
sinhλ
)n
2
exp
(
−
(
λ cothλ− λ
sinhλ
a
)
R2 + 2iλu
)
dλ
with
R := R(x, ξ) :=
√
|x|2 + |ξ|2 and a := a(x, ξ) := 2x · ξ
R2
∈ [0, 1] .
Then
(4.2) Kt(x, ξ, u) = (4πt)
−n/2−1h
(
x
2
√
t
,
ξ
2
√
t
,
u
4t
)
.
It is also onvenient to set
V (λ) :=
(
λ
sinhλ
)n
2
(4.3)
ψ(λ) := ψ(λ, a)(4.4)
:= λ cothλ− λ
sinhλ
a, λ ∈ R.
One may see that ψ(ib) = b cot b − bsin ba, so that if b is a solution of (2.53), then
the exponent (
λ cothλ− λ
sinhλ
a
)
R2 − 2iλu
at λ = ib gives exatly the square of the Carnot-Carathéodory distane dCC((x, 0), (ξ, u))
2
.
So we expet Gaussian-type estimates of the form
|h(x, ξ, u)| ≤ F (x, ξ, u)e−dCC((x,0),(ξ,u))2 ,
where F (x, ξ, u) > 0 is a funtion depending on x, ξ, u. It will turn out that F has
polynomial growth, more preisely
F (x, ξ, u) . (1 + dCC((x, 0), (ξ, u))
2)α,
where α = n2 − 1, if n > 2 and α = 0 if n ≤ 2. Compared to the eulidean ase,
where α = 0, one has some additional growth, if the dimension is greater than 2.
The strategy is as follows: Move the line of integration in (4.1) from the real
axis to the line R+ ib, where b is near to the solution b0 of (2.53).
Lemma 4.1. The funtion
V (λ) :=
(
λ
sinhλ
)n
2
,
where the square root is the prinipal branh in C \ (−∞, 0], is holomorphi in
{z ∈ C : |ℑz| < π}. And for ν + ib ∈ C, −π < b < π, one has
|V (ν + ib)| ≤
(
b
sin b
)n
2
,(4.5)
|V (ν + ib)| ≤
(
1 +
b2
ν2
)n
4 ( ν
sinh ν
)n
2
.(4.6)
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Proof. To show that V is holomorphi, we have to show that
λ
sinhλ
6∈ (−∞, 0],
for all λ ∈ C with −π < ℑλ < π. Let ν + ib ∈ C, |b| < π. Then
ν + ib
sinh(ν + ib)
=
(ν + ib) sinh(ν − ib)
| sinh(ν + ib)|2
=
ν sinh ν cos b+ b cosh ν sin b + i(b sinh ν cos b− ν cosh ν sin b)
| sinh(ν + ib)|2 .(4.7)
So
ν + ib
sinh(ν + ib)
∈ R⇔ b sinh ν cos b = ν cosh ν sin b
⇔ b cot b = ν coth ν ∨ ν = 0.
But b cot b ≤ 1 and ν coth ν > 1 for ν 6= 0; and ν = 0 means
ν + ib
sinh(ν + ib)
=
b
sin b
> 0.
We an onlude
(4.8)
ν + ib
sinh(ν + ib)
6∈ (−∞, 0], ν ∈ R, −π < b < π.
The seond inequality is easy, sine∣∣∣∣ ν + ibsinh(ν + ib)
∣∣∣∣
2
=
ν2 + b2
sinh2 ν + sin2 b
≤ ν
2 + b2
sinh2 ν
=
(
1 +
b2
ν2
)( ν
sinh ν
)2
.
To verify the rst inequality we show that
f(ν) :=
∣∣∣∣ ν + ibsinh(ν + ib)
∣∣∣∣
2
≤ b
2
sin2 b
, for all ν ∈ R.
This is obviously true for ν = 0, and sine f(−ν) = f(ν), we may restrit our
analysis to the ase ν ≥ 0:
f ′(ν) =
2ν(sinh2 ν + sin2 b)− (ν2 + b2) sinh(2ν)
(sinh2 ν + sin2 b)2
=
2ν sinh ν(sinh ν − ν cosh ν) + 2ν sin2 b− b2 sinh(2ν)
(sinh2 ν + sin2 b)2
≤ 0,
sine sinh ν ≤ ν cosh ν and 2ν sin2 b ≤ sinh(2ν) sin2 b ≤ b2 sinh(2ν). This means
that f stays below b
2
sin2 b
for all ν ∈ R. 
Lemma 4.2. The funtion
ψ(λ) = λ cothλ− a λ
sinhλ
(4.9a)
= (1 − a)λ cothλ+ aλ tanh λ
2
(4.9b)
= (1 + a)λ cothλ− aλ coth λ
2
(4.9)
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is holomorphi in C \ {πki : k ∈ Z∗} for a 6= ±1.
If a = 1, then ψ(λ) = λ tanh λ2 is holomorphi in C \ {(2k + 1)πi : k ∈ Z};
if a = −1, then ψ(λ) = λ coth λ2 is holomorphi in C \ {2kπi : k ∈ Z∗}.
In partiular ψ is holomorphi in the strip {z ∈ C : |ℑz| < π} for any −1 ≤ a ≤ 1.
Proof. The holomorphi properties of ψ follow easily from those of the trigonometri
funtion coth, tanh, and the equalities (4.9), whih are easy to verify:
ψ(λ) = λ cothλ− a λ
sinhλ
= (1− a)λ coth λ+ aλcoshλ− 1
sinhλ
= (1− a)λ coth λ+ aλ tanh λ
2
,
and
ψ(λ) = (1 + a)λ coth λ− aλcoshλ+ 1
sinhλ
= (1 + a)λ coth λ− aλ coth λ
2
.

Lemma 4.3. For ν + ib ∈ C, |b| < π, ψ(ib) is real and
(4.10) ℜ (ψ(ν + ib)) ≥ ψ(ib),
where
ψ(ib) = b cot b− a b
sin b
(4.11a)
= (1− a)b cot b+ a
(
−b tan b
2
)
(4.11b)
= (1 + a)b cot b− ab cot b
2
.(4.11)
Proof. (4.11) is lear. Let ν + ib ∈ C, |b| ≤ π, then
ℜ ((ν + ib) coth(ν + ib)) = 1
2
ν sinh(2ν) + b sin(2b)
sinh2 ν + sin2 b
=
ν coth ν sinh2 ν + b cot b sin2 b
sinh2 ν + sin2 b
= b cot b + sinh2 ν
ν coth ν − b cot b
sinh2 ν + sin2 b
≥ b cot b,
and for |b| ≤ pi2 :
ℜ ((ν + ib) tanh(ν + ib)) = 1
2
ν sinh(2ν)− b sin(2b)
sinh2 ν + cos2 b
=
ν coth ν sinh2 ν − b tan b cos2 b
sinh2 ν + cos2 b
= −b tan b+ sinh2 ν ν coth ν + b tan b
sinh2 ν + cos2 b
≥ −b tan b.
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This gives for λ = ν + ib ∈ C, |b| < π:
ℜ (ψ(λ)) =
{
ℜ ((1− a)λ cothλ+ aλ tanh λ2 ) , if a ≥ 0
ℜ ((1 + a)λ cothλ− aλ coth λ2 ) , if a < 0
≥
{
(1− a)b cot b + a(−b tan b2 ) , if a ≥ 0
(1 + a)b cot b − ab cot b2 , if a < 0
= ψ(ib).

With these preliminary lemmata we an start estimating h by moving the path
of integration to λ 7→ λ+ ib:
Lemma 4.4. There is a onstant C > 0, suh that for all x, ξ ∈ Rn, u ∈ R and
b ∈ R, |b| < π the following estimate holds:
(4.12)
|h(x, ξ, u)| ≤ C
(
b
sin b
)α
exp
(
−2bu−
(
b cot b− b
sin b
2x · ξ
|x|2 + |ξ|2
)(
|x|2 + |ξ|2
))
,
with α = max
(
0, n2 − 1
)
.
Proof. We have
|h(x, ξ, u)| =
∣∣∣∣∣∣
∞∫
−∞
V (λ)e−ψ(λ)R
2+2iλudλ
∣∣∣∣∣∣
=
∣∣∣∣∣∣
∞∫
−∞
V (λ+ ib)e−ψ(λ+ib)R
2+2i(λ+ib)udλ
∣∣∣∣∣∣
≤
∞∫
−∞
|V (λ+ ib)| e−ℜψ(λ+ib)R2−2budλ
= e−ψ(ib)R
2−2bu
∞∫
−∞
|V (λ+ ib)| dλ.
Now we split the remaining integral with r := π − |b|:
∞∫
−∞
|V (λ+ ib)| dλ = 2
∞∫
0
|V (λ+ ib)| dλ
.
r∫
0
∣∣∣∣ bsin b
∣∣∣∣
n
2
dλ+
pi∫
r
(
1 +
b2
λ2
)n
4
dλ+
∞∫
pi
∣∣∣∣ λsinhλ
∣∣∣∣
n
2
dλ
. r
(
b
sin b
)n
2
+
pi∫
r
1
λn/2
dλ+ 1
.
(
b
sin b
)n
2−1
+
(
1
r
)n
2−1
+ 1
.
(
b
sin b
)α
,
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sine
(4.13)
b
sin b
∽
1
π − |b| =
1
r
.

Observe that we an assume u ≥ 0, sine h(x, ξ,−u) = h(x, ξ, u).
Setting b = b0, where b0 parametrizes the orresponding (shortest) geodesi,
would not give good results in every ase. If b tends to π, the estimate would blow
up. To avoid this problem, just set b = b0− ǫ with an appropriate ǫ > 0. (Sine we
assumed u ≥ 0, we have b0 ≥ 0.
Proposition 4.1. For ζ = (x, 0), η = (ξ, u) ∈ Rn+1 we have
(4.14) |h(x, ξ, u)| . min
(
1 +
dCC(ζ, η)
|x+ ξ| , 1 + dCC(ζ, η)
2
)α
e−dCC(ζ,η)
2
,
with α = max(n2 − 1, 0).
Proof. First assume that x 6= −ξ. Then the shortest geodesi and therefore the
Carnot-Carathéodory distane will be parametrized by b0 ∈ (π, π). We laim that
b20
sin2 b0
≤ 3
(
1 +
dCC(ζ, η)
2
|x+ ξ|2
)
.
To see this, rst assume that a < 0, i.e. ξ · x < 0. Then
dCC(ζ, η)
2 =
b20
sin2 b0
(
|x|2 + |ξ|2 − 2ξ · x cos b0
)
≥ b
2
0
sin2 b0
(
|x|2 + |ξ|2 + 2ξ · x
)
=
b20
sin2 b0
|x+ ξ|2 .
If a ≥ 0, i.e. ξ · x ≥ 0, then
dCC(ζ, η)
2 ≥ 1
3
b20
sin2 b0
(1− a cos b0)
(
|x|2 + 2ξ · x+ |ξ|2
)
≥ 1
3
(
b20
sin2 b0
− ab
2
0 cos b0
sin2 b0
)
|x+ ξ|2 .
If b0 >
pi
2 , then a
b20
sin2 b0
cos b0 < 0 and if b0 ≥ pi2 , then a
b20
sin2 b0
cos b0 ≤ b
2
0
sin2 b0
≤ pi24 .
So
dCC(ζ, η)
2 ≥ 1
3
(
b20
sin2 b0
− π
2
4
)
|x+ ξ|2
≥ 1
3
(
b20
sin2 b0
− 3
)
|x+ ξ|2 .
This proves the laim. Now use Lemma 4.4 with b = b0 to get
(4.15) |h(x, ξ, u)| .
(
1 +
dCC(ζ, η)
|x+ ξ|
)α
e−dCC(ζ,η)
2
.
But this remains true, if x = −ξ (and x = ξ = 0), sine the right side beomes +∞
in this ase. To prove the remaining estimate
(4.16) |h(x, ξ, u)| . (1 + dCC(ζ, η)2)αe−dCC(ζ,η)
2
,
we, again, use lemma 4.4. Let b0 ∈ [0, π] be the parameter for the Carnot-
Carathéodory distane. As mentioned above assume that u ≥ 0. If b0 ≤ pi2 , then
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b0
sin b0
≤ pi2 , and one an immediately use Lemma 4.4 with b = b0. So assume that
b0 >
pi
2 . Now set b = b0 − ǫ with ǫ < pi2 , whih will be speied later.
If b0 6= π, we have
b cot b = b0 cot b0 + b (cot b− cot b0)− ǫ cot b0
≥ b0 cot b0 − ǫ cot b0,
sine cot is monotone dereasing on (0, π); and
−b tan b
2
= −b0 tan b0
2
+ b
(
tan
b0
2
− tan b
2
)
+ ǫ tan
b0
2
≥ −b0 tan b0
2
+ ǫ tan
b0
2
,
sine tan is monotone inreasing on (0, π). Therefore
ψ(ib) =
{
(1− a)b cot b+ a(−b tan b2 ) , a ≥ 0
(1 + a)b cot b− ab cot b2 , a < 0
≥ ψ(ib0)− ǫ
b0
ψ(ib0).
The use of lemma 4.4 with this b yields:
|h(x, ξ, u)| .
(
b
sin b
)α
e−ψ(ib0)R
2−2b0u+
ǫ
b0
(ψ(ib0)+2b0u)
(4.17)
.
(
1
ǫ
)α
e−(1−
ǫ
b0
)dCC(ζ,η)
2
,
rst for b0 6= π. But, if b0 = π, then we have x = ξ = 0 or x = −ξ. We laim that
in this ase estimate (4.17) remains true: If x = ξ = 0 then
|h(x, ξ, u)| .
(
b
sin b
)α
e
−2b0u+2b0u
ǫ
b0
.
(
1
ǫ
)α
e
−(1− ǫ
b0
)dCC(ζ,η)
2
,
sine 2b0u = 2πu = dCC(ζ, η)
2
. And, if x = −ξ, then a = −1 and ψ(ib) = b cot b2 ≥
0, so that
|h(x, ξ, u)| .
(
b
sin b
)α
e−ψ(ib)R
2−2b0u+2b0u
ǫ
b0
.
(
1
ǫ
)α
e−2b0u+2b0u
ǫ
b0
=
(
1
ǫ
)α
e−(1−
ǫ
b0
)dCC(ζ,η)
2
,
sine again 2b0u = 2πu = dCC(ζ, η)
2.
Setting ǫ = 11+dCC(ζ,η)2 , whih optimizes this inequality (up to a onstant), gives
us the desired result:
(4.18) |h(x, ξ, u)| . (1 + dCC(ζ, η)2)αe−dCC(ζ,η)
2
.

This gives the following main result:
Theorem 4.1. For ζ = (x, 0), η = (ξ, u) ∈ Rn+1 we have
(4.19) |Kt(x, ξ, u)| . t−n2−1 min
(
1 +
dCC(ζ, η)
|x+ ξ| , 1 +
dCC(ζ, η)
2
4t
)α
e−
1
4tdCC(ζ,η)
2
,
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with α = max
(
n
2 − 1, 0
)
.
Proof. The proof is almost trivial, if one uses (4.2) and the homogeneity of dCC . 
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